Abstract. Using an approach emerging from the theory of closable derivations on von Neumann algebras, we exhibit a class of groups CR satisfying the following property: given any groups Γ 1 , Γ 2 ∈ CR, then any free, ergodic, measure preserving action on a probability space Γ 1 × Γ 2 X gives rise to a von Neumann algebra with unique group measure space Cartan subalgebra. Pairing this result with Popa's Orbit Equivalence Superrigidity Theorem we obtain new examples of W * -superrigid actions.
Introduction and Notations
The group measure space construction of Murray and von Neumann [MVN36, MvN43] associates a finite von Neumann algebra, denoted by L ∞ (X) ⋊ Γ, to every measure preserving action Γ X of a countable group Γ on a standard probability space X. When the action is free and ergodic, L ∞ (X) ⋊ Γ is a II 1 factor containing L ∞ (X) as a Cartan subalgebra, i.e., a maximal abelian selfadjoint subalgebra with its normalizing group N L ∞ (X)⋊Γ (L ∞ (X)) generating L ∞ (X)⋊Γ as a von Neumann algebra.
Two free, ergodic actions Γ X and Λ Y are called W * -equivalent if the corresponding group measure space von Neumann algebras are isomorphic. Also, two actions Γ X and Λ Y are said to be conjugate if there is a measure space
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isomorphism Φ : X → Y and a group isomorphism θ : Γ → Λ such that for all γ ∈ Γ we have Φ(γx) = θ(γ)Φ(x) for almost every x ∈ X.
Naturally, a conjugacy between two actions implements an isomorphism between the associated von Neumann algebras. Therefore the W * -equivalence class of an action always contains its conjugacy class. Moreover, when Γ is infinite amenable, the W * -equivalence class of a free, ergodic action Γ X contains all free, ergodic actions of all infinite amenable groups [Con76] , thus being (much) larger than its conjugacy class. This is an instance when the von Neumann algebra arising from an action remembers little of the initial group/action data. The opposite phenomenon -when aspects of an action can be recovered from its von Neumann algebra -is labeled a W * -rigidity phenomenon. An extreme form of rigidity for actions is W * -superrigidity. A free, ergodic, measure preserving action Γ X is called W * -superrigid if its W * -equivalence class coincides with its conjugacy class. In other words, whenever Λ Y is a free, ergodic, measure preserving action, any isomorphism between the von Neumann algebras L ∞ (X)⋊Γ and L ∞ (Y )⋊Λ entails a conjugacy between the actions Γ X and Λ Y . Producing examples of W * -superrigid actions Γ X is a difficult problem as it incorporates two rigidity phenomena which, even individually, are usually hard to establish.
(1) Orbit Equivalence (OE) superrigidity: If an arbitrary free, ergodic, p.m.p. action Λ Y is orbit equivalent with Γ X, i.e., there is an isomorphism Φ : X → Y such that Φ(Γx) = ΛΦ(x) for almost every x ∈ X, then the actions Γ X and Λ Y are conjugated. Due to a sustained effort over the last decade from both ergodic theory and Popa's deformations/rigidity theory we have now a number of examples of actions known to be OE-superrigid. See, for instance [Fur99b] , [Fur99a] , [Kid06] , [Pop07] , [Pop08] , [Ioa08] , or [Kid09] .
However, the second problem was out of reach for an extended time. The breakthrough in this direction came only a few years ago with the seminal work of Ozawa and Popa [OP07] . Using techniques from deformation/rigidity theory, they showed that the von Neumann algebras associated with profinite actions of products of nonamenable, free groups have unique Cartan subalgebras. Similar results covering more general examples can be found in [OP10] .
Despite these important results, instances when an action simultaneously satisfies both forms of rigidity remained elusive. Recently, the second author managed to prove the existence of actions satisfying the second type of rigidity while simultaneously virtually satisfying the first type [Pet09c] . More precisely, by developing an infinitesimal analysis for the resolvent deformations associated to closable derivations on von Neumann algebras, it was shown that the von Neumann algebras arising from free, profinite actions of free products groups, Γ 1 * Γ 2 with Γ 1 nonHaagerup, have unique group measure space Cartan subalgebra. Then, using a Baire category argument, results from [Ioa08] and [OP10] were combined to show the existence of virtually W * -superrigid actions.
Shortly after, Popa and Vaes proved that arbitrary free, ergodic actions of groups belonging to a large class of amalgamated free products give rise to von Neumann algebras with unique group measure space Cartan subalgebra [PV09] . When combining this with either Kida's OE-superrigidity theorem in [Kid09] or with Popa's OE-superrigidity theorem in [Pop08] it led to concrete examples of W * -superrigid actions, such an example being any free, mixing p.m.p. action of the group P SL(n, Z) * Tn P SL(n, Z). The methods Popa and Vaes developed to prove their result brought a new insight to the deformation/rigidity technology through the introduction of their "transfer lemmas". Outgrowths of these methods were used subsequently by Fima and Vaes to obtain examples of W * -superrigid actions covering other classes of groups, e.g., HNN-extensions [FV10] .
Recently, Ioana was able to prove a striking result showing that the Bernoulli actions of any property (T) group is W * -superrigid [Ioa10] . While still heavily relying on deformation/rigidity theory, his methods brought a considerable amount of innovation at the technical level. See also [IPV10] for further results in this direction.
Our paper focuses mainly on obtaining new examples of actions which give rise to von Neumann algebras with unique group measure space Cartan subalgebras. To introduce the result we consider the class CR of all countable, infinite conjugacy class groups Γ satisfying the following conditions:
(1) There exists an unbounded cocycle c : Γ → K into a mixing representation; (2) There exists a non-amenable, infinite conjugacy class subgroup Ω of Γ such that the pair (Γ, Ω) has relative property (T). Using an approach which derives from the theory of closable derivations on von Neumann algebras we show that any free, ergodic p.m.p. action Γ X of any group Γ belonging to CR gives rise to a von Neumann algebras with unique group measure space Cartan subalgebra, thus adding to the examples found in [PV09] and [FV10] . The reader may also consult Theorem 7.4 for a similar result covering a class of groups larger than CR.
Moreover, when considering products of groups belonging to class CR we obtain the following:
Theorem (Corollary 5.3 below). If 1 m 2 let Γ = Γ 1 ×· · ·×Γ m where Γ i ∈ CR for all 1 i 2, and let Γ X be a free, ergodic p.m.p. action on a probability space X. If there exists another free, p.m.p. action Λ Y on a probability space
If Γ is a group with positive first ℓ 2 -Betti number (β
1 (Γ) > 0) there exists an unbounded cocycle into the left regular representation [BV97, PT07] , and hence Γ satisfies condition (1) above. Therefore CR contains all amalgamated free products Γ 1 * Ω Γ 2 which satisfy the following properties (Proposition 3.1 in [PT07] ):
• Γ 1 contains an infinite, i.c.c. group with property (T). Similarly, CR contains all HNN extensions HN N (Γ, Ω, θ) which satisfy the following properties (Proposition 3.1 in [PT07] ):
• Γ is an infinite group such that β It also follows from Theorem 3.2 in [PT07] that CR contains all groups Γ which have infinite subgroups Γ 1 , Γ 2 and a presentation Γ = Γ 1 , Γ 2 | r w1 1 , . . . , r w k k for elements r 1 , . . . , r k ∈ Γ 1 * Γ 2 and positive integers w 1 , . . . , w k satisfying the following properties:
• r l i = e ∈ Γ, for 1 < l < w i ;
wj > 0; • Γ 1 contains an infinite, i.c.c. group with property (T). The proof of the above theorem is obtained in several steps and it combines ideas from [Pet09c] and some transfer lemmasà la Popa-Vaes (see Lemma 3.2 in [PV09] ). We briefly explain below the idea behind the proof in the case m = 1. First, a lemma similar to Lemma 3.2 in [PV09] is used to transfer, at the level of resolvent deformations, the rigidity part of the group Γ to "large" subsets of the mysterious group Λ. In turn, this mild form of rigidity is used through a refinement of the infinitesimal analysis developed in [Pet09c] to show that the resolvent deformation converges to zero, uniformly on the unit ball of the "mysterious" Cartan subalgebra L ∞ (Y ). Finally, this stronger "rigid behavior" of L ∞ (Y ) with respect to the the resolvent deformation is exploited in the same way as in [Pet09b] to completely locate the position of L ∞ (Y ) inside N . While more technical, the proof of the product case follows the same general strategy. The difficulty however is that if
This difficulty is overcome by developing a transfer property (Lemma 4.6 below) which is applicable in the setting of products.
We do not know if the von Neumann algebras N considered in the theorem above do have a unique, up to unitary conjugacy, Cartan subalgebra.
Using his deformation/rigidity theory, Popa discovered a natural class of OEsuperrigid actions of product groups, showing in [Pop08] the following: Given any product of nonamenable groups Γ = Γ 1 × Γ 2 and any countable Γ-set I such that for every i ∈ I, its Γ 1 -orbit is infinite and its Γ 2 -stabilizer is amenable, the corresponding generalized Bernoulli action Γ (X, µ) I , if free, is OE-superrigid. The reader may notice that even though the actions considered are somewhat particular there is a large degree of generality at the level of acting groups Γ i . Therefore, when letting the groups Γ i to be in our class CR, and combining it with Theorem above leads to the following examples of W * -superrigid actions.
Corollary. Consider Γ = Γ 1 × Γ 2 where Γ i ∈ CR and let I be a countable Γ-set such that for all i ∈ I the orbit Γ 1 i is infinite and the stabilizer {γ ∈ Γ 2 | γi = i} is amenable. Then the corresponding generalized Bernoulli action Γ (X, µ) I , if free, is W * -superrigid.
Monod and Shalom considered in [MS06] the class C reg of all groups with nonvanishing second bounded cohomology with coefficients in the left regular representation. In the same paper they proved, by using bounded cohomology methods, that any free, irreducible, aperiodic, action of products of such groups is close to being OE-superrigid in the following sense: whenever this action is orbit equivalent to any other free, mildly mixing action then the two actions must be conjugated. For a precise statement, as well as the definitions of mild mixing and aperiodicity, the reader may consult Section 6 or Theorem 1.10 in [MS06] . Monod and Shalom proved the necessity of this condition for their statement; however it will be interesting to understand if their actions are OE-superrigid when one assumes, in addition, that they are mixing.
The class C reg is quite large (see Section 6 below or Example 1.1 in [MS06] ) and it intersects nontrivially with our class CR. Basic examples of groups that belong to both classes include all free products of a nontrivial group and an infinite property (T) group. For instance, if |Γ| 2 then we have Γ * SL(3, Z) ∈ CR ∩ C reg .
Consequently, for such groups, Monod and Shalom's result together with our main theorem imply the following W * -strong rigidity statement.
Corollary. Let Γ = Γ 1 × Γ 2 with Γ i ∈ CR ∩ C reg for i = 1, 2, and let Γ X be a free, irreducible, aperiodic action. Suppose that Λ Y is mildly mixing action. If the action Γ X is W * -equivalent with Λ Y then Γ X and Λ Y are conjugate.
Organization of the paper. This paper contains seven sections and one appendix. In the first section we review Popa's intertwining techniques and we prove a few conjugacy results for actions of product groups. The first part of Section 2 collects important background on real, closable derivations along with their resolvent deformations. We show in Lemma 2.6 that bimodules arising from mixing representations are mixing and, through an adaptation of technology from [Pet09c] , we use this to prove in Section 3 a criterion for the uniform convergence of the resolvent deformations on certain subalgebras (Theorem 3.2). In a similar fashion with Lemma 3.2 in [PV09] we prove in Section 4 a transfer Lemma 4.6 for actions of product of groups in class CR. In turn, this transfer lemma is used in combination with Theorem 3.2 to prove the unique group measure Cartan decomposition result in Corollary 5.3. In Section 6 we use Corollary 5.3 to derive our main applications to W * -superrigidity, Corollaries 6.1 and 6.2. In the last section we exhibit more examples of von Neumann algebras with unique group measure space Cartan subalgebras (Theorem 7.4).
Notations. In this paper all finite von Neumann algebras N that we will be working with are assumed to be endowed with a normal faithful tracial state, which we will denote by τ . The trace τ induces a norm on N by letting x 2 = τ (x * x) 1 2 . As usual, L 2 N denotes the · 2 -completion of N . A Hilbert space H is a N -bimodule if it is equipped with commuting left and right Hilbert N -module structures.
Given a von Neumann subalgebra Q ⊂ N we denote by E Q : N → N the unique τ -preserving conditional expectation onto Q. If e Q is the orthogonal projection of L 2 N onto L 2 (Q) then N, e Q denotes the basic construction, i.e., the von Neumann algebra generated by N and e Q in B(L 2 N ). The span of {xe Q y | x, y ∈ N } forms a dense * -subalgebra of N, e Q and there exists a semifinite trace T r : N, e Q → C given by the formula T r(xe Q y) = τ (xy) for all x, y ∈ N . We denote by L 2 N, E Q the Hilbert space obtained with respect to this trace.
The normalizer of Q inside N , denoted N N (Q), consists of all unitary elements u ∈ U(N ) satisfying uQu * = Q. A maximal abelian selfadjoint subalgebra A of N , abbreviated MASA, is called a Cartan subalgebra if the von Neumann algebra generated by its normalizer in N ,
′′ is a subfactor of N .
If Γ σ A is a trace preserving action by automorphisms of a countable group Γ on a finite von Neumann algebra A we denote by N = A ⋊ σ Γ the crossed product von Neumann algebra associated with the action. When no confusion will arise we will drop the symbol σ. Given a subset F ⊂ Γ, we will denote by P F the orthogonal projection on the closure of the span of {au γ | a ∈ A; γ ∈ F }.
Throughout this paper ω denotes a free ultrafilter on N. Also given (N, τ ) a finite von Neumann algebra we denote by (N ω , τ ω ) its ultrapower algebra, i.e., N ω = ℓ ∞ (N, N )/I where the trace is defined as τ ω ((x n ) n ) = lim n→ω τ (x n ) and I is the ideal consisting of all x ∈ ℓ ∞ (N, N ) such that τ ω (x * x) = 0. Notice that N embeds naturally into N ω by considering constant sequences. Many times when working with N = A ⋊ Γ we will consider the subalgebra A ω ⋊ Γ of N ω . For reader's convenience we remark that every element x = (x n ) n ∈ A ω ⋊ Γ satisfies that inf F ⊂Γ,finite lim n→ω x n − P F (x n ) 2 = 0.
Intertwining techniques
We start this section by reviewing Popa's intertwining techniques from [Pop06b] . Given N a finite von Neumann algebra, let P ⊂ f N f , Q ⊂ N be diffuse subalgebras for some projection f ∈ N . One say that a corner of P can be embedded into Q inside N if there exist two nonzero projections p ∈ P , q ∈ Q, a nonzero partial isometry v ∈ pN q, and a * -homomorphism ψ : pP p → qQq such that vψ(x) = xv for all x ∈ pP p. Throughout this paper we denote by P ≺ N Q whenever this property holds and by P ⊀ N Q otherwise.
Popa established efficient criteria for the existence of such intertwiners (Theorems 2.1-2.3 in [Pop06b] ). Particularly useful in applications is the analytic criterion described in Corollary 2.3 of [Pop06b] . Considering the case of crossed-products von Neumann algebras, the next proposition is a reformulation of Popa's result using the ultrapower algebras setting. Proposition 1.1. Let Γ be a countable group, A a finite von Neumann algebra and Γ A is a trace preserving action. Suppose that N = A ⋊ Γ and B ⊂ N is a subalgebra which is either abelian or a II 1 factor. If q ∈ B ′ ∩ N is a nonzero projection then the following are equivalent:
(
(for instance when B is a semiregular MASA) then the following are equivalent:
(1)
Proof. First we prove (1) ⇒ (2). Assuming Bq ⊀ N A, by Popa's intertwining result [Pop06b] there exists a sequence of unitaries u n ∈ U(B) such that for all x, y ∈ N we have E A (xu n qy) 2 → 0 as n → ∞. This easily implies E A ω ⋊Γ (uq) = 0, where
The implication (2) ⇒ (3) is obvious and therefore to finish the proof it only remains to show (3) ⇒ (1). We will prove this by contraposition. Assuming Bq ≺ N A one can find nonzero projections rq ∈ Bq, p ∈ A, an injective * -homomorphism ψ : rBrq → pAp and nonzero partial isometry v ∈ rqN such that vψ(x) = xv for all x ∈ rBrq. The last equation implies that vv * ∈ (rBrq) ′ ∩ rqN rq and therefore we have the following containment:
We notice that there exists nonzero projection q ′ ∈ B ′ ∩ N with q ′ q such that vv * = rq ′ and combining this with relation (1) we obtain that
If B is a II 1 factor then by passing to a subprojection we may assume that τ N (r) = 1 k for some positive integer k. Also for every i, j ∈ {1, ..., k} there exist partial isometries e ij ∈ B such that e 11 = r, e * ij = e ji , e ij e ji = e ii ∈ P(B) and i e ii = 1. If (x n ) n ∈ B ω then using the above relations in combination with
One can easily see that (e 1i x n e j1 ) n ∈ (rBr) ω and combining this with relations (2) and (3) we conclude that (x n ) n (q ′ ) n ∈ A ω ⋊Γ, thus showing that B ω q ′ ⊆ A ω ⋊Γ. Therefore, in both cases (B abelian and B a II 1 factor) we can assume that there exists a nonzero projection p ∈ B ′ ∩N with p q such that B ω p ⊆ A ω ⋊Γ, finishing the proof of implication (3) ⇒ (1). If B ≺ N A then by equivalence (1) ⇔ (3) one can find a nonzero projection Before stating the next intertwining result we introduce some notation. Given a product group Γ = Γ 1 × Γ 2 × · · · × Γ m , for every 1 i m, we denote by Γ (i) the subgroup of Γ consisting of all elements in Γ whose i th coordinate is trivial, so that we have the natural identification Γ = Γ i × Γ (i) for each 1 i m.
A be a trace preserving action on a finite von Neumann algebra A. Assume that B ⊆ A ⋊ Γ = N is a subalgebra satisfying one of the following conditins:
(1) B is a II 1 factor such that Bq ≺ N A⋊Γ (i) for all q ∈ B ′ ∩N and 1 i m;
Proof. Notice that for every 1 i m the algebra N can be seen as (A ⋊ Γ (i) ) ⋊ Γ i with Γ i acting trivially on Γ (i) . First we assume situation (1), i.e. B is a II 1 factor such that for all q ∈ B ′ ∩ N we have Bq ≺ N A ⋊ Γ (i) . Therefore, by Proposition 1.1 there exists nonzero projection q i ∈ B ′ ∩ N such that
Then we let q i ∈ B ′ ∩N to be maximal such that B ω q i ⊂ (A⋊ Γ (i) ) ω ⋊ Γ i and below we argue that q i = 1. Assuming the contrary, we have 0 = 1 − q i ∈ B ′ ∩ N and since by initial assumption
Combining this with (4) we get that
ω ⋊ Γ i which obviously contradicts the maximality of q i .
Altogether we obtained that for all 1 i m we have
Using these relations in combination with triangle inequality we obtain that inf F1×···×Fm⊂Γ, finite
and since
For case (2) just notice that by the second part of Proposition 1.1 we have that
for all 1 i m and therefore the conclusion follows from above.
We end this section by recalling Popa's conjugacy criterion for Cartan subalgebras which will be used in the sequel. 
Background on derivations
Let Γ be a countable group, and assume that Γ σ A is a trace preserving action on a finite von Neumann algebra A. Given an orthogonal representation π : Γ → O(H), it was shown in [Sau90] that each 1-cocycle associated with π gives rise naturally to a closable, real derivation on N = A ⋊ Γ. This means there is a linear map δ : D(δ) → H π where D(δ) is a weakly dense * -subalgebra of N and H π is a Hilbert N -bimodule satisfying the following properties:
We briefly recall this construction below. The Hilbert N -bimodule H π is defined as H π = H⊗L 2 N where the left and right actions of N on H π satisfy
for all a, b ∈ A, ξ ∈ H π , η ∈ L 2 N and γ, λ ∈ Γ. Given c : Γ → H an additive 1-cocycle for π, i.e., c(γλ) = c(γ) + π(γ)c(λ) for all γ, λ ∈ Γ, we define δ : A ⋊ alg Γ → H π by linearly extending formula δ(au γ ) = c(γ) ⊗ (au γ ), where a ∈ A, γ ∈ Γ. It is straight forward to verify that this map is a closable, real derivation on N .
Consider the Hilbert spaceH π = H π ⊗L 2 N and observe that this is an N ⊗ Nbimodule with respect to the left and right actions which satisfy
for all x, y, z, t ∈ N, µ ∈ H π and η ∈ L 2 N. We define a linear mapδ : (A ⋊ alg Γ) ⊗ N →H π by linearly extending the formula
where a ∈ A, γ ∈ Γ and x ∈ N . Since δ is a closable, real derivation on N we have thatδ is a closable, real derivation on N ⊗ N . In factδ is nothing but the tensor product derivation δ ⊗ 0 as defined in Section 4.2 of [PS09] .
Associated to each closable, real derivation δ is the resolvent deformation given by
From [Sau90, Pet09b] it follows that ρ α and ζ α are two families of τ -symmetric, unital, completely positive maps on N such that for all x ∈ N we have that x − ρ α (x) 2 → 0 and x − ζ α (x) 2 → 0 as α → ∞. We let (H α , ξ α ) be the pointed N -bimodule corresponding to the map ζ α (see, for example, [Pop86] )and define the map δ α : 
Define the Hilbert spaceH
2 N which we endow with the natural N ⊗ N -bimodule structure and considerδ α : N ⊗ N →H α π the map given by the formulaδ α = δ α ⊗ id.
In the next two propositions we summarize a few basic properties of δ α that will be used extensively throughout this paper. For proofs of these facts the reader may consult Section 2 in [Pet09b] or Section 4 in [OP10] .
Proposition 2.1. Using the above notation suppose x ∈ N . Then we have the following:
Proposition 2.2. Using the above notation, for all α > 0 and a, x ∈ N we have the following inequalities:
As noted before, ρ α converges pointwise to the identity on N with respect to · 2 and therefore, by (11) above, this is equivalent to δ α converging pointwise to zero on N . The next lemma shows that in fact this pointwise convergence holds even when passing to certain (larger) ultrapower algebras associated with N .
Lemma 2.3. Let Σ be normal subgroup of Γ and assume that Γ admits an unbounded 1-cocycle which vanishes on Σ. Let δ be the closable real derivation associated to this cocycle, as described above. For every
Proof. Fix an arbitrary ε > 0. Since x = (x n ) n ∈ (A ⋊ Σ) ω ∨ N and Σ is normal in Γ we can find a finite set F ⊂ Γ of cosets representatives of Σ in Γ such that (15) lim
Also, since δ α converges pointwise to zero and F is finite, there exists α ε such that for all γ ∈ F and α > α ε we have
Since the cocyle vanishes on Σ it follows that δ |A⋊Σ = 0 and using this in combination with inequalities δ α (m) m 2 and E A⋊Σ (x n u * λ ) ∞ x n ∞ , for all n ∈ N and α > 0 we have:
Taking lim n→ω above and combining this with (14) and (15) we obtain that lim n→ω δ α (x n ) ε for all α > α ε . Since ε > 0 was arbitrary we obtain the desired equality.
In the previous lemma the normality assumption on Σ was made only for convenience. The same statement holds if we drop it.
The N -bimodules H π coming from representations π often inherits many useful properties from π. For instance, as observed in [PS09, Pet09c] , if π is a mixing representation, then H π is mixing relative to A. More generally, this also holds in the setting of groups that admit mixing representations with respect to subgroups. Below, for reader's convenience, we include a proof of this fact. Given a group Γ with a subgroup Σ < Γ, and a representation π : Γ → U(K), we say that π is mixing relative to Σ if π(γ n )ξ, η → 0 whenever the sequence γ n escapes any left-right coset of Σ in Γ.
Lemma 2.4. Let Σ < Γ be groups and let π : Γ → U(K) be a representation which is mixing relative to
Proof. Using basic approximations in K π , it suffices to prove (17) only for elements of the form ξ = ξ 1 ⊗ ξ 2 and η = η 1 ⊗ η 2 with ξ 1 , η 1 ∈ K and ξ 2 , η 2 ∈ N . As vectors of this form are left-bounded (see Chapter 1 in [Pop86] ) we may use the Fourier expansion c n = γ∈Γ c n γ u γ and the N -bimodule structure of K to show that
where the element γ∈Γ π(γ)ξ 1 , η 1 c n γ u γ belongs to N by [DCH85] . Fix an arbitrary ε > 0. Since the representation π is mixing relative to Σ there exists a finite set F ⊂ Γ such that | π(γ)ξ 1 , η 1 | < ε for every γ ∈ Γ \ F ΣF . Therefore, using this in conjunction with (18) and the Cauchy-Schwarz inequality we obtain that
Since (c n ) n ⊥ N (A ⋊ Σ ω )N and F is finite we have that lim n→ω γ∈F ΣF c n γ 2 2 = 0. Combining this with the above inequality we conclude that
Since ε > 0 was arbitrary, we have lim n→ω | c n ξd n , η | = 0.
For further use, we recall from [Pet09b] the following convergence property for the resolvent deformations. We also include a proof for the sake of completeness.
Theorem 2.5 (compare with Theorem 4.5 in [Pet09b] ). Let N be as above and let B ⊂ N a subalgebra and p ∈ B ′ ∩ N such that Bp ⊀ N A ⋊ Σ. If δ α converges uniformly to zero on (B) 1 then δ α converges uniformly to zero on p (N N (B) ′′ ) 1 .
Proof. Let u ∈ N N (B). Since by assumption δ α converges uniformly to zero on (B) 1 and u ∈ N N (B) then for every s ∈ N there exists β 1 s > 0 such that for all α > β 1 s and all n ∈ N we have
Also since δ α converges pointwise to zero there exists β 2 s > 0 such that for all α > β 2 s we have
Notice that since Bp ⊀ N A by Corollary 2.3 in [?] there exists a sequence of unitaries v n ∈ B such that for all x, y ∈ N we have E A (xv n py) 2 → 0 as n → ∞. Therefore applying Lemma 2.4, for every s ∈ N there exists k s ∈ N such that for all n > k s we have
Since v n and u are unitaries then applying Proposition 2.2 a few times and using (19), (20) and (21), for all α > max{β
This shows that δ α converges to zero uniformly on pN N (B) and the conclusion follows from a standard averaging argument.
For technical reasons that will become apparent in the proof of Lemma 3.1, we present here an upgraded version of Lemma 2.4. More precisely, we show the convergence (17) still holds if instead of fixed vectors ξ and η in K π one considers δ α (x n ) and δ α (y n ) for any sequences (x n ) n , (y n ) n ∈ (A ⋊ Σ) ω ∨ N . We note that, in contrast to Lemma 2.4, here we use that Σ is a normal subgroup of Γ in an essential way.
Lemma 2.6. Let Σ be normal in Γ, π : Γ → U(K) be a mixing representation relative to Σ and assume that Γ admits an unbounded cocycle into K that vanishes on Σ.
ω ∨ N , then for every α 0 we have
Proof. Denote by C 1 = sup n c n ∞ , C 2 = sup n d n ∞ , C 3 = sup n x n ∞ , C 4 = sup n y n ∞ (C 1,2,3,4 < ∞) and fix an arbitrary ε > 0. Since (x n ) n , (y n ) n ∈ (A ⋊ Σ) ω ∨ N and Σ is normal in Γ one can find finite sets F 1 , F 2 ⊂ Γ of cosets representatives of Σ in Γ such that (23) lim
Applying the Cauchy-Schwarz inequality together with mζn
Also, by employing the formulas R F1 (x n ) = γ∈F1 E A⋊Σ (x n u * γ )u γ and R F2 (y n ) = γ∈F2 E A⋊Σ (y n u * γ )u γ , together with δ |A⋊Σ = 0 we have that
Since π is a representation of Γ which is mixing relative to Σ it follows that π α ⊗ π ⊗ π α is also a mixing relative to Σ. Since the N -bimodule H α ⊗ N H π ⊗ N H α is nothing but the N -bimodule coming from the representation π 
for all γ ∈ F 1 and λ ∈ F 2 then Lemma 2.4 and relation (25) give that lim
Combining this with inequality (24) we obtain that
Since ε > 0 was arbitrary we conclude that lim n→ω | c n δ α (x n )d n , δ α (y n ) | = 0.
A criterion for uniform convergence of resolvent deformations
In this section we exhibit a criterion for uniform convergence of the resolvent deformations on certain subalgebras (Theorem 3.2). Roughly speaking, if the resolvent deformation arising from a derivation into a mixing bimodule is small on "sufficiently large" sets of elements normalizing a given abelian subalgebra B, then δ α converges uniformly on the unit ball of B. Our proof of the criterion is done in two steps; first, in a technical lemma (Lemma 3.1 below) we adapt the infinitesimal analysis developed in [Pet09c] to show that there are infinitely many translations by large projections of the unit ball (B) 1 on which δ α is uniformly small; then we use a convexity argument to show this implies that δ α converges uniformly on the unit ball of B (Theorem 3.2 below) .
To introduce the precise statements of the results we first establish the following notation. Let Σ⊳Γ be a normal subgroup and let π : Γ → U(K) be a representation which is mixing relative to Σ. Assume there exists an unbounded cocycle c : Γ → K which vanishes on Σ. Let Γ A be a trace preserving action, denote by M = A⋊Γ and consider δ α : M → H α ⊗ M H π ⊗ M H α corresponding to c as above. Also, assume that B ⊂ M = A ⋊ Γ is an abelian algebra.
Lemma 3.1. Using the above notation, assume there exist an infinite subset F ⊂ N M (B) and a nonzero projection r ∈ F ′ ∩ M satisfying the following property: For every k ∈ N there exist α k > 0 and a sequence {v
Then one can find a constant D > 0 such that for every s ∈ N there exist r s ∈ M with 0 < r s 1, and positive numbers ε s , β s > 0, such that for all α > β s and b ∈ U(B), we have
ω we demonstrate the lemma by distinguishing two cases which we will treat separately.
Case I. First we prove the lemma under the assumption lim sup
Observe that by applying Proposition 2.2 together with some basic computations we obtain that for all n, k ∈ N, b ∈ U(B) and α > 0 we have following inequality:
Next, for every k ∈ N consider (y
x 2 for all x ∈ M , we have
Fix s ∈ N and notice that since lim sup
Also, since v l n satisfies (27) we have that (rv
ω ∨ M we can apply Lemma 2.6 to conclude that
Finally, using this in combination with (28), (29) and (26) and we obtain that
for all α > α s and b ∈ U(B).
Therefore in this case the conclusion of the lemma follows once we let r
.
To complete the proof it remains to treat the other possibility, therefore we will prove the following:
Case II. The conclusion of the lemma holds under the assumption lim sup
Therefore after passing to a subsequence of v k , this condition implies that there exist C > 0, and a sequences of unitaries
Denote by c k = v k d k v * k and notice that if one extends the polar part of
and using the triangle inequality we obtain
It then follows that
τ ω (rp k ) and notice that we also have
We may assume that Denote by z
2 ) −1 and we show next that for all n, k ∈ N and b ∈ U(B) we have the following inequality:
Fix b ∈ U(B). Applying Proposition 2.2 several times and using [b, c
k n ] = 0, we obtain the following estimate:
Using the identity y 
Finally, Proposition 2.2 and inequality (x + y)
Combining this with (32) and (31) we obtain (30).
We will now demonstrate how the above inequality (30) implies our lemma. Fix an arbitrary k ∈ N and observe that since (p
ω ∨ M and hence Lemma 2.6 implies that for all α > 0 we have Next we use the previous lemma to show the main result of the section.
Theorem 3.2. Using the above notation, assume there exist an infinite subset F ⊂ N M (B) and a nonzero projection r ∈ F ′ ∩ M satisfying the following property: For every k ∈ N there exist α k > 0 and a sequence {v k n | n ∈ N} ⊂ F such that
Then there exists a nonzero projection q ∈ Z(N M (B) ′′ ) such that rq = 0 and δ α converges uniformly to zero on q(B) 1 as α → ∞. In particular, if B is semiregular, then δ α converges uniformly to zero on the unit ball (B) 1 as α → ∞.
Proof. Applying Lemma 3.1, there exits a constant D > 0 such that for every s ∈ N there exist r s ∈ M with 0 < r s 1, and positive numbers ε s , β s > 0, such that for all α > β s and b ∈ U(B), we have
Next we use these relations in combination with a standard convexity argument to show that δ α converges to zero uniformly on qU(B).
Passing to a subsequence if necessary we can assume that r s converges weakly to x for some x ∈ M . The above inequalities imply that 0 < x 1 and τ (rx) D. Moreover, for every s ∈ N there exist nonempty, finite set 
Also, since xr = 0, there exists c > 0 such that if p denotes the spectral projection of x corresponding to the set (c, ∞) then we have that pr = 0. Next, for every s ∈ N we let β 2 s > 0 such that for all α > β 2 s we have
Therefore, using Proposition 2.2 together with inequality cp x and relations (46)-(47), for all s ∈ N, b ∈ U(B) and α > max{β Consider the partially ordered set V = {p ∈ M, projection | δ α converges uniformly to zero on q(B) 1 }, where the partial order is given by the regular operatorial order.
The first part of the proof shows that p ∈ V and therefore F is nonempty. Given any increasing chain p ι ∈ V let p ∞ to be the supremum of p ι 's.
Then for every s ∈ N there exists ι s such that
Also, since δ α converges uniformly to zero on p ιs (B) 1 , for every s ∈ N there exists β 
This shows that δ α converges uniformly to zero on p ∞ (B) 1 . By Zorn's Lemma, F contains a maximal element which we call q. 
This shows that δ α converges uniformly to zero on (uqu * )(B) 1 and therefore δ α converges uniformly to zero on (uqu * + q)(B) 1 . For any c > 0 denote by q c the spectral projection of uqu * + q corresponding to the interval [c, ∞) and let r c be the inverse of q c (uqu * + q) in q c M q c . Since δ α converges uniformly to zero on (uqu * + q)(B) 1 then by using Proposition 2.2 again we obtain that δ α converges to zero uniformly on r c (uqu * + q)(B) 1 = q c (B) 1 . Since this holds for every c > 0 we conclude that δ α converges to zero uniformly on q 0 (B) 1 where q 0 = supp(uqu * + q) Since supp(vuqu * v * + q) = uqu * ∨ q and since q was a maximal element of V we have that q = uqu * ∨q, or equivalently, q = uqu * . Since the above procedure can be done for any u ∈ N M (B) we have that q ∈ N M (B)
′ ∩ M and thus q ∈ Z(N M (B) ′′ ). Also, notice that a similar argument as above shows that q is the unique maximal element of V. Combining this with the first part of the proof we have that q p and therefore qr = 0.
A Transfer Lemma
For the transfer lemma that we cover in this section we need some preliminary results on Hilbert bimodules. The following lemma is well known to the experts and we include a proof only for completeness.
Lemma 4.1. Suppose that B is a diffuse amenable von Neumann algebra, Λ is a countable discrete group, and Λ B is a trace preserving action such that N = B ⋊Λ. Let H be a Hilbert N -bimodule. Let ∆ : N → N ⊗N be the * -homomorphism defined by ∆( b λ v λ ) = b λ v λ ⊗ v λ where λ ∈ Λ and b λ ∈ B, and consider the N -bimodule L 2 N ⊗H where the left-right N -actions satisfy x · ξ · y = ∆(x)ξ∆(y) for all x, y ∈ N, ξ ∈ L 2 N ⊗H. If the N -bimodule H is weakly contained in the coarse bimodule then the N -bimodule L 2 N ⊗H is also weakly contained in the coarse bimodule.
Proof. Since, as N -bimodules, H is weakly contained in
and hence it is enough to consider the case when H = L 2 N ⊗L 2 N . In this case if we consider an orthonormal basis {b i } i∈I for L 2 B, and consider
Since B is amenable the previous bimodule is weakly contained in the coarse bimodule.
For the rest of this section we will use the following notation. Notation. For 1 i 2 let Γ i ∈ CR and let Ω i ⊂ Γ i be an i.c.c. subgroup with relative property (T). Denote by Γ = Γ 1 × Γ 2 and Ω = Ω 1 × Ω 2 and assume that Γ A is a trace preserving action on an abelian von Neumann algebra A such that N = A⋊Γ is a factor. Suppose that B is an abelian algebra, Λ is an i.c.c. group and Λ ρ B a free action such that N = A ⋊ Γ = B ⋊ ρ Λ. Let ∆ : N → N ⊗N be the * -homomorphism from the previous lemma defined by ∆(Σ λ∈Λ b λ v λ ) = Σ λ∈Λ b λ v λ ⊗v λ for λ ∈ Λ, and b λ ∈ B. Also, as in Section 1, for every i we denote by Γ (i) the subgroup of Γ consisting of all elements in Γ whose i th coordinate is trivial. Since Γ i ∈ CR for all 1 i 2 there exists a corresponding unbounded cocycle into a mixing representation which is weakly contained in the left-regular representation. As explained in Section 2, associated to such a cocycle is a closable real derivation δ i : N → H i , such that the N -bimodule H i is mixing relative to A ⋊ Γ (i) , and such that δ i α does not converge uniformly on (N ) 1 . Also, we denote byδ
the tensor product derivation as described in Section 2.
Next we show two non-intertwining lemmas which will be very important in establishing the main result of this section.
Lemma 4.2. Using the notation above, for all 1 j 2 and q j ∈ ∆(LΩ j ) ′ ∩ (N ⊗N ) nonzero projections we have that ∆(LΩ j )q j ⊀ N ⊗N N ⊗A.
Proof. We will proceed by contradiction. So assume there exits 1 i 2 and
Since A is abelian then N ⊗A has the relative Haagerup's property with respect to N ⊗1 and therefore by Lemma 1 in [HPV10] we have that
Then by Lemma 9.2 (i) in [Ioa10] this would further imply (LΩ i )q i ≺ N B, which is obviously impossible because LΩ is a nonamenable factor while B is abelian.
Lemma 4.3. Using the notation above, let 1 j 2 and p ∈ ∆(LΩ)
Proof. We will proceed by contradiction. Assuming that ∆(
Combining this with the hypothesis assumption we obtain
and hence ∆(LΩ)
This however contradicts Lemma 4.3 and we are done. 
Proof. By proof of Corollary 1.2, to get our conclusion it suffices to prove that for every q ∈ (N ⊗LΛ)
). To show this we proceed by contradiction so assume that there exists q o ∈ Z(N ⊗LΛ) such that (N ⊗LΛ)q o ⊀ N ⊗N N ⊗(A ⋊ Γ (j) ). Also sinceδ j α converges to zero uniformly on (N ⊗LΛ) 1 then applying Corollary 2.3 in [Pop06b] , for every k ∈ N there exists α k > 0 and an infinite sequence of elements {u
, and r = q o we obtain thatδ j α converges to zero uniformly on (1⊗B) 1 . Applying Proposition 2.2 we obtain thatδ j α converges to zero uniformly on (U(1⊗B)U(N ⊗LΛ)) and hence on (N ⊗N ) 1 which is obviously a contradiction.
Lemma 4.5. Using the notation above assume that for every 1 j 2 let p j ∈ (N ⊗LΛ) ′ ∩(N ⊗N ) = 1⊗(LΛ ′ ∩N ) be the maximal projection such thatδ j α converges to zero uniformly on p j (N ⊗LΛ) 1 . Then for every 1 j 2 we have that p j = 1 and
Proof. First, we notice that if relations p 1 = 1 and p 2 = 1 would hold simultaneously then by the previous lemma we have that (N ⊗LΛ) ω ⊂ (N ⊗(A ⋊ Γ (j) )) ω ⋊ Γ j for every 1 j 2. This would further imply that
which by Proposition 1.1 gives that N ⊗LΛ ≺ N ⊗N N ⊗A. This however would contradict Lemma 4.2. Hence we can assume without loss of generality that p 1 = 1, or equivalently, 0 < 1 − p 1 . Next, we proceed by contradiction to show that ∆(LΩ)(1 − p 1 ) ⊀ N ⊗N N ⊗(A ⋊ Γ 1 ). So assume that ∆(LΩ)(1 − p 1 ) ≺ N ⊗N N ⊗(A ⋊ Γ 1 ) and by Proposition 1.1 there exists a non-zero projection r 1 ∈ ∆(LΩ) ′ ∩ N ⊗N with r 1 1 − p 1 such that
Since the pair (Γ, Ω) has relative property (T) then the inclusion ∆(LΩ) ⊂ N ⊗N is rigid and thereforeδ 1 α converge uniformly to zero on (∆(LΩ)) 1 . Also by Lemma 4.3 we have that ∆(LΩ)r 1 ⊀ N ⊗N N ⊗(A ⋊ Γ 2 ) and applying Corollary 2.3 in [Pop06b] , for every k ∈ N there exists α k > 0 and an infinite sequence of elements {λ
with r 1 q 1 = 0 such thatδ 1 α converges to zero uniformly on q 1 (∆(A)) 1 . Next, we claim thatδ 1 α converges to zero uniformly on r 1 (∆(LΓ j )) 1 for every 1 j 2. For the proof just notice that since the pair (Γ j , Ω j ) has relative property (T) the inclusion (∆(LΩ j ) ⊂ N ⊗N ) is rigid andδ 1 α converges uniformly to zero on (∆(LΩ j )) 1 . Also, by Lemma 4.3 for all 1 j 2 we have ∆(LΩ j )r 1 ⊀ N ⊗N N ⊗(A ⋊ Γ 2 ) and therefore the conclusion follows from Theorem 2.5.
Moreover, applying the same maximality argument as in the proof of Theorem 3.2, one can find a projection r ′ ∈ Z(∆(LΓ) ′ ∩ N ⊗N ) with r ′ q 1 = 0 such thatδ 1 α converges to zero uniformly on r ′ (∆(LΓ j )) 1 for every 1 j 2. Since r ′ commutes with ∆(LΓ j ) for every 1 j 2, using Proposition 2.2 we obtain thatδ i α converges to zero uniformly on r ′ (U(∆(LΓ 1 )U(∆(LΓ 2 )) and therefore on r ′ ((∆(LΓ)) 1 . Sinceδ 1 α converges uniformly to zero on q(∆(A)) 1 and r ′ commutes with q 1 then applying Proposition 2.2 one more time we obtain thatδ 1 α converges uniformly on r ′ q 1 (U(∆(LΓ))U(∆(A))) and hence on r ′ q 1 (∆(N )) 1 . Also, by definition, we have thatδ Notice that by Proposition 1.1 this implies that (∆(LΩ)) 
By Proposition 4.4 this further implies thatδ
These results on Hilbert bimodules and intertwining are used to prove a "transfer lemma"á la Popa-Vaes (Lemma 3.2 in [PV09] ) that will be of essential use in the proof of this paper's main result. Roughly speaking, the lemma states that the presence of a rigid part on the source group can be transferred, at the level of resolvent deformations, to "large" subsets of the target group. The proof is essentially the same as in [PV09] , the main difference being that here we use Lemma 4.5 in place of Lemma 4.1 used by Popa and Vaes.
Lemma 4.6. Let Γ 1 , Γ 2 ∈ CR, Γ = Γ 1 × Γ 2 and let Γ A a trace preserving action on an abelian von Neumann algebra A. Let B be an abelian algebra and Λ B be a free action such that N = A ⋊ Γ = B ⋊ Λ. Then for every 1 j 2, k ∈ N, there exists α k > 0, and an infinite set of elements S k ⊂ Λ, such that
where p j is defined as in Lemma 4.5.
Proof. Fix 1 j 2 and k ∈ N > 0. Since the pair (Γ, Ω) has relative property (T) then we also have that the inclusion (LΩ ⊂ LΓ) is rigid, and hence so is the inclusion (∆(LΩ) ⊂ N ⊗N ).
Since (∆(LΩ) ⊂ N ⊗N ) is rigid there exists α k > 0 such that for all α > α k we have
, for all x ∈ (LΩ) 1 and 1 i 2. 
Therefore, we have that If (55) does not hold for this S k then there exists a finite subset F ⊂ N and c > 0 such that
Using relations (57) and (58) we then obtain the following inequalities
3c 4 for all w ∈ U(LΩ).
This implies that the unique · τ ×T r -minimal vector in the convex hull of {∆(w)(1 − p j )ξ(1 − p j )∆(w * ) | w ∈ U(LΩ)} is nonzero and ∆(LΩ)(1 − p j )-central. However this contradicts Lemma 4.5.
Uniqueness of group measure space Cartan subalgebras
In this section we use the above transfer lemmas in combination with the criterion for uniform convergence of the resolvent deformations to prove unique groupmeasure space Cartan results. More precisely, our main result shows that any free, ergodic action of any product groups belonging to CR gives rise to a von Neumann algebra with a unique group measure space Cartan subalgebra.
Exploiting techniques from [Pet09c] we prove first the following key intertwining result. An immediate consequence of the previous theorem is the following:
Corollary 5.2. If Γ 1 , Γ 2 ∈ CR and Γ = Γ 1 × Γ 2 then the group von Neumann algebra LΓ cannot be decomposed as a crossed product LΓ = B ⋊ Λ, where Λ B is a free action on a diffuse, abelian von Neumann algebra B.
Proof. If we assume that LΓ = B ⋊ Λ then applying the previous result for A = C1 we would have B ≺ N C1 which is obviously a contradiction because B is diffuse.
Theorem 5.1 can also be used to obtain von Neumann algebras with unique group measure space Cartan subalgebra.
Corollary 5.3. Let Γ 1 , Γ 2 ∈ CR, Γ = Γ 1 × Γ 2 and let Γ X be a free measure preserving action on a standard probability space. If there exists Λ Y a free measure preserving action on a standard probability space such that X and Λ Y . As explained in the introduction, the strategy to produce such actions is to find OE-superrigid actions that give rise to von Neumann algebras with unique group measure space Cartan subalgebras. Using his influential deformation/rigidity theory, Popa discovered the following class of OE-superrigid actions of product groups.
Theorem (Corollary 1.3 in [Pop08] ). For i = 1, 2, let Γ i be nonamenable groups such that Γ = Γ 1 × Γ 2 has no normal finite subgroup and let Γ σ X be a free, p.m.p. s-malleable action (see [Pop07] for the definition of an s-malleable action). If we assume that the restriction Γ 1 σ |Γ 1 (X, µ) is weak mixing and Γ 2 σ |Γ 2 (X, µ) has stable spectral gap then Γ σ X is OE-superrigid.
When this result is combined with Corollary 5.3 we obtain the following W * -superrigidity statement:
Corollary 6.1. Let Γ 1 , Γ 2 ∈ CR such that Γ = Γ 1 × Γ 2 has no normal finite subgroup and let Γ σ X be a free, p.m.p. s-malleable action. If we assume that the restricted action Γ 1 σ |Γ 1 (X, µ) is weak mixing and Γ 2 σ |Γ 2 (X, µ) has stable spectral gap then the action Γ σ X is W * -superrigid.
We mention the following concrete examples of W * -superrigid actions arising from generalized Bernoulli actions. Consider Γ = Γ 1 × Γ 2 where Γ i ∈ CR and Γ has no normal finite subgroups, let I be a countable, faithful Γ-set such that for all i ∈ I the orbit (Γ 1 )i is infinite and the stabilizer {γ ∈ Γ 2 |γi = i} is amenable. From the proof of Lemma 3.3 in [Pop08] the generalized Bernoulli action Γ (T, λ) I satisfies the conditions in the hypothesis of the previous corollary and thus it follows W * -superrigid.
Monod and Shalom unveiled in [MS06] a family of actions of certain product groups that are very close to being OE-superrigid (See also Theorem 44 in [Sak09] for additional examples). For a better understanding of their result we need to introduce some terminology.
An action Γ (X, µ) is called mildly mixing if whenever A ⊆ X and γ n ∈ Γ then µ(γ n A△A) → 0 as γ n → ∞ only when A is either null or conull. It is not hard to see that mixing implies mildly mixing, which in turn implies weak mixing. Also an action Γ X is called aperiodic if its restriction to any finite index subgroup of Γ is ergodic.
Following the notations in [MS06] , one says that a group Γ belongs to C reg if it has nonvanishing second bounded cohomology with coefficients in the left regular representation, i.e., H 2 b (Γ, ℓ 2 (Γ)) = 0. The class C reg is fairly rich, including all groups which admit a non-elementary nonsimplicial action on a simplicial tree, which is proper on the set of edges; and all groups which admit a non-elementary proper isometric action on some CAT(-1)-space (see [MS06] for more examples). In particular, any non-elementary, amalgamated free product Γ 1 * Ω Γ 2 belongs to C reg if one assumes that the subgroup Ω is almost malnormal in one of the factors (Corollary 7.10 in [MS04] ).
Using second bounded cohomology methods, Monod and Shalom proved the following OE-strong rigidity result:
Theorem (Theorem 1.10 in [MS06] ). Let Γ = Γ 1 × Γ 2 where Γ i ∈ C reg and let Γ X be a free, irreducible, aperiodic action. Suppose that Λ Y is mildly mixing action. If the action Γ X is orbit equivalent with Λ Y then the two actions are conjugate.
Consequently, when this theorem is combined with Corollary 5.3 above, we obtain the following W * -strong rigidity result:
Corollary 6.2. Let Γ = Γ 1 × Γ 2 with Γ i ∈ CR ∩ C reg and let Γ X be a free, irreducible, aperiodic action. Suppose that Λ Y is mildly mixing action. If the action Γ X is W * -equivalent with Λ Y then the two actions are conjugate.
Even though it is clear that the classes C reg and CR do not coincide there is still a considerable overlap between them. Indeed, combining the examples discussed above with the examples presented in the introduction, the intersection CR ∩ C reg contains all non-elementary amalgamated free products Γ 1 * Ω Γ 2 which satisfy the following three properties:
• Γ i are infinite groups and the common subgroup Ω is almost malnormal in one of the factors; • Γ 1 contains an infinite subgroup which has property (T);
In particular, if Γ 1 is an infinite group with property (T), then any non-elementary free product Γ 1 * Γ 2 belongs to the class CR ∩ C reg .
Other unique group-measure space decomposition results
In this section we will consider a class of groups larger than CR by not requiring cocycles to be in mixing representations but rather in representations which are mixing relative to an amenable subgroup. Given a group Γ with a subgroup Σ < Γ, and a representation π : Γ → U(H), we say that π is mixing relative to Σ if π(γ n )ξ, η → 0 whenever γ n → ∞ relative to Σ. One says that a group Γ belongs to ACR if it satisfies either condition (1) or (2) below:
(1) (a) There exists an amenable normal subgroup Σ ⊳ Γ and a representation π : Γ → U(H) which is mixing relative to Σ; There exists an unbounded cocycle c : Γ → H which vanishes on Σ; (b) There exists a non-amenable subgroup Ω < Γ such that the pair (Γ, Ω) has relative property (T). (2) (a) There exists an amenable normal subgroup Σ ⊳ Γ and a representation π : Γ → U(H) which is mixing relative to Σ and weakly contained in the left regular; There exists an unbounded cocycle c : Γ → H which vanishes on Σ;
(b) There exists a non-amenable subgroup Ω < Γ which is a product of two nonamenable groups.
Notice that any nonamenable group with positive first ℓ 2 -Betti number admits an unbounded cocycle into the left regular representation. Therefore ACR contains every group Γ with first positive ℓ 2 -Betti number that admits a nonamenable subgroup Ω of Γ, such that the pair (Γ, Ω) has relative property (T) or Ω is a product of two nonamenable groups.
Natural classes of groups in ACR have already been considered in [PV09] and [FV10] .
Example 7.1. If Γ 1 , Γ 2 are two groups which contain a common finite subgroup Σ, and Γ = Γ 1 * Σ Γ 2 then we may consider the cocycle c : Γ → ℓ 2 (Γ/Σ) which satisfies c(γ 1 ) = δ Σ − λ(γ 1 )δ Σ for γ 1 ∈ Γ 1 and c(γ 2 ) = 0 for γ 2 ∈ Γ 2 . By the universal property of amalgamated free products this cocycle extends to all of Γ and will be unbounded as long as Σ = Γ 1 , Γ 2 (if γ i ∈ Γ i \ Σ, then it is easy to see that c is unbounded on {(γ 1 γ 2 ) n | n ∈ N}). This shows that Γ satisfies condition (1a) or (2a) above. Finding examples of this type which also satisfy (1b) or (2b) is not difficult and we refer the reader to [PV09] for examples.
Example 7.2. Suppose H is a group which contains a finite subgroup Σ, and θ : Σ → H is an injective homomorphism. Let Γ = HNN(H, Σ, θ) = H, t | θ(σ) = tσt −1 , for all σ ∈ Σ denote the HNN extension then consider the cocycle c : Γ → ℓ 2 (Γ/Σ) given by c(h) = 0, for all h ∈ H, and c(t) = λ(t)δ Σ . We leave it as an exercise to show that it extends to a well defined cocycle on Γ, and we have that c(t n ) 2 = |n| for all n ∈ Z, hence c is unbounded. In fact, for this example and the previous one, the cocycle we consider is well known, and arrises naturally from the action of Γ on its Bass-Serre tree.
Then we have that Γ satisfies condition (1a) or (2a) above. Again, finding examples of this type which also satisfy (1b) or (2b) is not difficult and we refer the reader to [PV09] for examples.
The main theorem we prove in this section is an intertwining result (Theorem 7.4 below) for trace preserving actions of groups in class ACR on amenable algebras. As a consequence we obtain new von Neumann algebras with unique group measure space Cartan subalgebras.
Our proof follows the same general strategy used to prove Theorem 5.1 above and it will be rather sketchy. First, by similar arguments as in the proof of Lemma 4.6 and Lemma 3.1 in [PV09] , we show that a transfer lemma still holds for von Neumann algebras associated with actions of groups belonging to ACR. Lemma 7.3. Let Γ ∈ ACR and let Γ A be a trace preserving action on an amenable von Neumann algebra. Suppose also that B is an abelian von Neumann algebra and Λ B a free, ergodic action such that N = A ⋊ Γ = B ⋊ Λ. If P ⊂ N is any amenable von Neumann subalgebra then for every ε > 0, there exists α ε > 0, and an infinite set of elements S ⊂ Λ, such that
ε for all λ ∈ S, α > α ε (59)
Proof. Fix ε > 0. Borrowing the same notations from the proof of Lemma 4.6 we briefly argue that in both cases there exists α ε > 0 such that for all α > α ε we have
When the pair (Γ, Ω) has relative property (T), this follows from the proof of Lemma 4.6, so it only remains to prove it when Ω is a product of nonamenable groups. This case however follows by referencing the same proof from Theorem 4.3 in [Pet09b] and using Lemma 4.1. We leave the details to the reader.
Next we fix w ∈ LΩ a unitary and let w = λ∈Λ w λ v λ with w λ ∈ B be its Fourier expansion in B ⋊ Λ = N . If we denote by S = {λ ∈ Λ | δ α (v λ ) 2 ε}, then using (61) in the same manner as in the proof of Lemma 4.6 we obtain that for all w ∈ U(LΩ) we have So to finish the proof it only remains to check (60) for the set S. However this follows from using relation (62) above exactly as shown in the last part in the proof of Lemma 3.2 in [PV09] .
Pairing the above transfer lemma with the criterion for uniform convergence of the resolvent deformation described in Section 3 we obtain the following: Proof. Since Σ is amenable it follows that the von Neumann algebra A ⋊ Σ is also amenable. Applying Lemma 7.3 for P = A⋊ Σ we obtain that for every k ∈ N there exists α k > 0 and an infinite sequence {v λ k n | n ∈ N} ⊂ Λ satisfying the following:
E A⋊Σ (xv λ k n y) 2 → 0 as n → ∞, for each k ∈ N.
Since Γ ∈ ACR then it admits an unbounded 1-cocycle into a representation which is mixing relative to Σ and hence Theorem 3.2 implies that δ α converges uniformly on (B) 1 .
Next we proceed by contradiction to show B ≺ N A ⋊ Σ. Assuming B ⊀ N A ⋊ Σ, by Popa's intertwining techniques [Pop06b] , there exists a sequence of unitaries b n ∈ U(B) such that E A (xb n y) 2 → 0 as n → ∞. Therefore Theorem 4.3 in [Pet09b] implies that δ α converges to zero uniformly on the unit ball of N N (B) ′′ = N which is obviously a contradiction.
When Σ = {e} we have B ≺ N A and by Theorem 1.3 there exists a unitary u ∈ U(N ) such that uBu * = A.
Remark 7.5. If one can remove the normality assumption on the subgroup Σ < Γ in the proof of Lemma 2.6 then the previous intertwining result holds for any Σ and therefore will allow one to completely recover the W * -superrigidity results obtained in [PV09, FV10] .
Remark 7.6. Taking Σ = {e} in the previous theorem we have that any free, ergodic action on a probability space Γ X of a group Γ with positive first ℓ 2 -Betti number that admit a nonamenable subgroup Ω < Γ with relative property (T), gives rise to a von Neumann algebra with unique group measure space Cartan subalgebra. This result may be interpreted as a positive evidence supporting the following general conjecture of Ioana, Popa and the authors:
Conjecture 7.7. Any free, ergodic action on a probability space Γ X of any group Γ with positive first ℓ 2 -Betti number gives rise to a von Neumann algebra with unique Cartan subalgebra.
Even though a positive answer to this conjecture in its full generality is still out of reach there are instances when it is known to be true. All known examples however assume some strong conditions on either the group or the action mostly to insure that, besides strong deformability, the von Neumann algebra L ∞ (X) ⋊ Γ also possesses a strong pole of rigidity. To enumerate a few examples:
• Any profinite action Γ X where Γ is a nonamenable free group [OP07, OP10] or more generally any group with positive first ℓ 2 -Betti number that has the completely metric approximation property [Dab10, Sin10] . In this case rigidity arises from the complete metric approximation property and profiniteness of the action;
• Any profinite action Γ X where Γ is a group that admits an unbounded 1-cocycle into a mixing representation and does not have the Haagerup property [Pet09c] . Here rigidity arises as a mix between profiniteness of the action and the absence of Haagerup property for Γ;
• Any action Γ X where Γ is any free product of a nontrivial group and either an infinite property (T) group or a product of two nonamenable groups [PV09, FV10] . Obviously in this case rigidity is inherited from the acting group Γ. Note that our result is mostly in the spirit of the second and third situation above. It will be very interesting to investigate if the conjecture is true in cases where apriori there is a lack of rigidity, for instance for any free, ergodic action of a nonamenable free group. Appendix A. On Popa's unique HT Cartan subalgebra Theorem
We end by mentioning that much of the difficulty in the previous theorems was to obtain uniform convergence of a deformation on the "mystery" Cartan subalgebra. If we assume that we already have convergence (for instance if we assume the inclusion (B ⊂ N ) is rigid) then much of the difficulty diminishes. In this setting we can weaken our assumptions on the group Γ and in this way obtain a generalization of Popa's unique HT Cartan subalgebra theorem (Theorem 6.2 in [Pop06a] ). This result was previously presented by the second author at the Workshop on von Neumann Algebras and Ergodic Theory held at UCLA in 2007.
Theorem A.1. Let Γ be a group such that there exists an unbounded cocycle into a mixing representation. Suppose A is an abelian von Neumann algebra, and Γ A is a free, ergodic action. Let N = A ⋊ Γ and suppose that (B 0 ⊂ N ) is a rigid inclusion such that B = B ′ 0 ∩ N is a Cartan subalgebra. Then there exists a unitary u ∈ U(N ) such that uBu * = A.
Proof. Let δ : N → H be the corresponding derivation associated to Γ. Since δ α converges uniformly on B 0 , if B 0 ≺ N A then using Lemma 2.4 together with Popa's intertwining theorem [Pop06b] and the proof of Theorem 4.5 in [Pet09b] we have that δ α converges uniformly on (B) 1 ⊂ (N N (B 0 ) ′′ ) 1 . The same argument then implies that δ α converges uniformly on (N ) 1 = (N N (B) ′′ ) 1 which would contradict the original cocycle being unbounded.
Thus B 0 ≺ N A and hence by Popa's conjugacy criterion for Cartan subalgebras we obtain the result. n (Γ) < ∞ for some n ∈ N. Then there exists a free ergodic action Γ A such that F (A ⋊ Γ) = {1}.
Proof. By the results in [Eps07] , [GL09] , [Ioa07] , and [GP05] , (this appears explicitly as Theorem 4.3 in [Ioa07] ), every non-amenable group Γ has a free ergodic action Γ A such that there is a rigid inclusion (A 0 ⊂ N ) with A = A 
